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In flat-band systems, destructive interference leads to the localization of non-interacting particles
and forbids their motion through the lattice. However, in the presence of interactions the overlap
between neighbouring single-particle localized eigenstates may enable the propagation of bound pairs
of particles. In this work, we show how these interaction-induced hoppings can be tuned to obtain
a variety of two-body topological states. In particular, we consider two interacting bosons loaded
into the orbital angular momentum l = 1 states of a diamond-chain lattice, wherein an effective pi
flux may yield a completely flat single-particle energy landscape. In the weakly-interacting limit,
we derive effective single-particle models for the two-boson quasiparticles which provide an intuitive
picture of how the topological states arise. By means of exact diagonalization calculations, we
benchmark these states and we show that they are also present for strong interactions and away
from the strict flat-band limit. Furthermore, we identify a set of doubly localized two-boson flat-band
states that give rise to a special instance of Aharonov-Bohm cages for arbitrary interactions.
I. INTRODUCTION
The study of topological materials is a prominent topic
in condensed matter physics. One of the main features of
these exotic systems is the existence of a bulk-boundary
correspondence, which correlates the non-trivial topolog-
ical indices of the bulk energy bands with the presence
of robust edge modes [1]. At the single-particle level,
topological phases are well understood and can be sys-
tematically classified in terms of their symmetries and
dimensionality [2, 3]. However, many questions regard-
ing the characterization of interacting topological sys-
tems remain open. While it is known that interactions
are responsible for the appearence of strongly correlated
many-body topological phases such as fractional quan-
tum Hall states [4] or symmetry-protected topological
phases [5], topological invariants are in general difficult to
define even in few-body systems, making the systematic
study of interaction-driven topological effects ellusive.
Over the last years, a number of topological models
have been successfully implemented with ultracold atoms
in optical lattices [6] and photonic systems [7]. Due to
their high degree of tunability and control, these syn-
thetic platforms offer exciting perspectives for exploring
interacting topological phases [8]. A remarkable example
of this is the possibility to realize long-lived bound pairs
of interacting particles, also known as doublons. These
two-body states, which are stable even for repulsive inter-
actions due to the finite bandwidth of the single-particle
kinetic energy [9], have been observed [10–13] and ex-
tensively analyzed [14–25] in optical lattices, and have
also been emulated in photonic systems [26, 27] and in
topolectrical circuits [28]. Motivated in part by these
advances, several recent works have focused on the topo-
logical properties of two-body states [13, 29–41], with the
long-term aim of paving the path to a better comprehen-
sion of topological phases in a full many-body interacting
scenario. A distinctive advantage that these small-sized
systems offer is that it is often possible to map the prob-
lem of two interacting particles in a lattice into a single-
particle model defined in a different lattice, the topologi-
cal characterization of which can then be performed with
well-established techniques [31–33, 36, 40, 41].
In this paper, we study the topological properties of
two-boson states in a system that is topologically non-
trivial at the single-particle level. Specifically, we con-
sider a diamond-chain lattice filled with ultracold atoms
loaded into Orbital Angular Momentum (OAM) l = 1
states. In this geometry, the OAM degree of freedom
induces an effective pi-flux which yields a single-particle
spectrum composed entirely of flat bands upon a proper
tuning of the tunneling parameters [42, 43]. In this sit-
uation, quantum interference leads to a strong localiza-
tion of non-interacting particles and forbids their propa-
gation through the chain. This phenomenon, known as
Aharonov-Bohm caging [42–47], has been recently gen-
eralized to non-Abelian systems, where it is expected
to yield intriguing state-dependent dynamics [48]. This
single-particle localization effect is a general character-
istic of flat-band systems [49], wherein the role of the
kinetic energy becomes irrelevant and particle motion
can only originate from interaction-mediated collective
processes. This peculiar feature is responsible for the
appearance in such systems of a number of exotic quan-
tum states determined solely by the interactions and the
geometry of the lattice [50–61], including topologically
non-trivial phases [62–66].
In this work, we focus on the limit of weak attrac-
tive interactions, in which the low-energy properties of
the system can be studied by projecting the Hamilto-
nian into the lowest flat bands [51–54]. By mapping the
subspaces of lowest-energy two-boson states into single-
particle models, we show that the system has a topolog-
ically non-trivial phase. In contrast with other realiza-
tions of two-body topological states [13, 29–41], in this
case the topological character is controlled through ef-
fective two-boson tunneling amplitudes that depend on
the interaction strength. In a diamond chain with open
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2boundaries, this topological phase is benchmarked by the
presence of robust in-gap states localized at the edges,
which are in turn composed of bound pairs of bosons,
each occupying a localized single-particle eigenstate. We
provide numerical evidence that these edge states are
also present for interaction strengths capable of introduc-
ing mixing with higher bands and in the case where the
bands are not completely flat. Moreover, we find that the
system displays doubly-localized flat bands of two-boson
states that give rise to Ahoronov-Bohm caging also for
interacting particles prepared in specific states.
The rest of the paper is organized as follows. In Sec. II
we discuss the single-particle properties of the system and
we provide a qualitative description of the effect of attrac-
tive on-site interactions on the properties of two-boson
states in the flat-band limit. In Sec. III we derive ef-
fective tight-binding models for the lowest-energy sector
of the two-boson spectrum by projecting the interacting
part of the Hamiltonian into the lowest flat bands. We
find that these effective models can be rendered topolog-
ically non-trivial by selectively tuning the strength of the
interactions on the different sites of the lattice. We also
use the models to identify the doubly-localized two-boson
flat-band states. In Sec. IV we provide exact diagonal-
ization results that confirm the analytical predictions of
the previous section. We also examine numerically the
robustness of the two-boson topological phases upon de-
viations from the weakly-interacting and flat-band con-
ditions. Finally, in Sec. V we summarize the main con-
clusions of this work.
II. MODEL
We consider a gas of cold bosonic atoms trapped in a
diamond-chain optical lattice. As shown in Fig. 1, the
unit cells of the lattice, which we label with the index
i, consist of a spinal site Ai and two sites Bi and Ci
equally separated from Ai by a distance d and forming a
relative angle Θ = pi/2. Each of the sites corresponds to
the center of a cylindrically symmetric potential of radial
frequency ω, which naturally supports OAM states. The
atoms are loaded into the manifold formed by the two
degenerate OAM l = 1 states with positive and negative
circulation localized at each site, |ji,±〉, the wavefunc-
tions of which are given by
φjiα (rji , ϕji) = 〈~r|ji,±〉 = ψ(rji)e±i(ϕji−ϕ0), (1)
where j ∈ {A,B,C}, (rji , ϕji) are the polar coordinates
with origin at site ji, and ϕ0 is an arbitrary phase origin.
Let us first briefly recall the non-interacting description
of this system, which was analyzed in detail in [42, 43]. In
general, the single-particle dynamics of ultracold atoms
carrying OAM in arrays of side-coupled potentials are
governed by three coupling amplitudes [67], which we
denote as J1, J2 and J3. Specifically, J1 accounts for
the coupling between the two OAM states with oppo-
site circulation within one site, while J2 and J3 corre-
FIG. 1. Schematic representation of the diamond-chain opti-
cal lattice considered in this work. The J3 couplings of Eq. (2)
are real and positive along the directions marked by solid blue
arrows, whereas they acquire a relative pi phase along the di-
rections marked by dotted red arrows. The J2 are real and
positive along all directions. The on-site interaction strength
is UA at the A sites of each unit cell and U1 (U2) at the B
and C sites of odd (even) unit cells.
spond to tunneling processes between OAM states local-
ized at neighbouring sites with equal and opposite cir-
culations, respectively. For the particular case of the
diamond-chain geometry, the self-coupling J1 vanishes
everywhere except at the edges of the chain, so its ef-
fect can be neglected [42]. Following the same criterion
as in [42, 43], we fix ϕ0 along the line that connects the
sites Ci ↔ Ai ↔ Bi+1, indicated with solid blue ar-
rows in Fig. 1. With this choice of the phase origin,
the J3 amplitudes along the line connecting the sites
Bi ↔ Ai ↔ Ci+1, indicated with dotted red arrows in
Fig. 1, acquire a relative pi phase. Thus, taking J2 and
J3 as positive quantities [42], the non-interacting Hamil-
tonian of the system reads
Hˆ0 = J2
Nc−1∑
i=1
∑
α=±
[
aˆi†α (bˆ
i
α + bˆ
i+1
α + cˆ
i
α + cˆ
i+1
α )
]
+ J3
Nc−1∑
i=1
∑
α=±
[
aˆi†α (−bˆi−α + bˆi+1−α + cˆi−α − cˆi+1−α )
]
+ H.c., (2)
where, aˆiα, bˆ
i
α and cˆ
i
α are the bosonic annihilation oper-
ators associated to the OAM states |Ai, α〉, |Bi, α〉 and
|Ci, α〉 respectively, and Nc is the total number of unit
cells forming the chain. For reasons that we explain be-
low, we do not consider the A site of the last unit cell of
the chain.
In the present study we also consider the effect of on-
site interactions between the bosons. As shown in Fig. 1,
we let the interaction strength take the value UA in the
A sites of each unit cell and U1 and U2 in the B and C
sites of odd and even unit cells, respectively. As we will
explain in Sec. III, tuning independently these different
interaction parameters allows to explore distinct topolog-
ical regimes of two-boson states. Such modulation of the
onsite interactions could be achieved either by creating
a lattice with slightly different trapping frequencies at
each site or by means of magnetic [68] or optical [69] Fes-
hbach resonances induced by a spatially modulated field.
3Assuming that the interactions occur only through low-
energy collisions between bosons in OAM l = 1 states
occupying the same site, we can write the part of the
Hamiltonian describing the interactions as [70]
Hˆint =
UA
2
Nc∑
i=1
nˆai+ (nˆ
ai
+ − 1) + nˆai− (nˆai− − 1) + 4nˆai+ nˆai−
+
U1
2
∑
i,odd
∑
j=b,c
nˆji+(nˆ
ji
+ − 1) + nˆji−(nˆji− − 1) + 4nˆji+nˆji−
+
U2
2
∑
i,even
∑
j=b,c
nˆji+(nˆ
ji
+ − 1) + nˆji−(nˆji− − 1) + 4nˆji+nˆji−,
(3)
where we have defined the number operators nˆji± ≡ jˆi†± jˆi±.
Finally, the total Hamiltonian reads
Hˆ = Hˆ0 + Hˆint. (4)
Let us start by addressing the single-particle properties
of the system. In a chain with periodic boundary con-
ditions, the spectrum of the non-interacting Hamilto-
nian (2) is composed of three two-fold degenerate bands
[42, 43]
E1−(k) = E
2
−(k) = −2
√
(J22 + J
2
3 ) + (J
2
2 − J23 ) cos k
(5a)
E10(k) = E
2
0(k) = 0, (5b)
E1+(k) = E
2
+(k) = 2
√
(J22 + J
2
3 ) + (J
2
2 − J23 ) cos k, (5c)
where we set the lattice spacing to a = 1 here and
throughout the paper. We focus on the J2 = J3 limit,
which can be approximately realized by setting a large
value of the separation between sites d [42, 43]. In this
limit, all the bands become flat with energies E1,2− =
−2√2J2, E1,20 = 0, E1,2+ = 2
√
2J2. For these values of the
tunneling parameters, a diamond chain with open bound-
aries also displays in-gap states with energies E = ±2J2
localized at the right edge. Nevertheless, these states can
be removed from the single-particle spectrum by cutting
the A site of the last unit cell, ANc , in such a way that the
left and right ends of the chain are symmetric, as shown
in Fig. 1. From now onwards, we will assume that there
are no single-particle edge states of this kind in the lat-
tice. The eigenstates belonging to each of the flat bands
can be expressed as compact modes that are completely
localized in two consecutive unit cells. Specifically, the
bosonic creation operators associated with the flat-band
modes localized in the i and i+ 1 unit cells can be writ-
ten in terms of the original OAM creation operators as
[42, 43]
Wˆ 1†−,i =
1
4
(
− 4√
2
aˆi†+ + bˆ
i†
+ − bˆi†− + cˆi†+ + cˆi†−
+bˆi+1†+ + bˆ
i+1†
− + cˆ
i+1†
+ − cˆi+1†−
)
, (6a)
Wˆ 2†−,i =
1
4
(
− 4√
2
aˆi†− − bˆi†+ + bˆi†− + cˆi†+ + cˆi†−
+bˆi+1†+ + bˆ
i+1†
− − cˆi+1†+ + cˆi+1†−
)
, (6b)
for the states in the lower bands, leading to
Hˆ0(J2 = J3)
(
Wˆ
1/2†
−,i |0〉
)
= −2
√
2J2
(
Wˆ
1/2†
−,i |0〉
)
. (7)
For the states in the middle bands we have
Wˆ 1†0,i =
1
2
√
2
(
−bˆi†+ + bˆi†− + cˆi†+ + cˆi†−
−bˆi+1†+ − bˆi+1†− + cˆi+1†+ − cˆi+1†−
)
, (8a)
Wˆ 2†0,i =
1
2
√
2
(
bˆi†+ − bˆi†− + cˆi†+ + cˆi†−
−bˆi+1†+ − bˆi+1†− − cˆi+1†+ + cˆi+1†−
)
, (8b)
leading to
Hˆ0(J2 = J3)
(
Wˆ
1/2†
0,i |0〉
)
= 0. (9)
Finally, for the states in the upper bands we have
Wˆ 1†+,i =
1
4
(
4√
2
aˆi†+ + bˆ
i†
+ − bˆi†− + cˆi†+ + cˆi†−
+bˆi+1†+ + bˆ
i+1†
− + cˆ
i+1†
+ − cˆi+1†−
)
, (10a)
Wˆ 2†+,i =
1
4
(
4√
2
aˆi†− − bˆi†+ + bˆi†− + cˆi†+ + cˆi†−
+bˆi+1†+ + bˆ
i+1†
− − cˆi+1†+ + cˆi+1†−
)
, (10b)
leading to
Hˆ0(J2 = J3)
(
Wˆ
1/2†
+,i |0〉
)
= 2
√
2J2
(
Wˆ
1/2†
+,i |0〉
)
. (11)
In Fig. 2 (b) we sketch the different states created by
the lower-band, zero-energy-band and upper-band oper-
ators, given by Eqs. (6), (8) and (10) respectively. Since
each of these states spans a plaquette formed by the sites
{Ai, Bi, Ci, Bi+1, Ci+1}, a diamond chain with Nc unit
cells has Nc − 1 compact localized modes of each type.
Note that, even though states localized at consecutive
plaquettes share a B and a C site, the total overlap is
always zero, that is, these states form an orthogonal ba-
sis. As discussed in [42, 43], a direct consequence of
the fact that the single-particle spectrum consists en-
tirely of highly localized eigenmodes is the appearance
of Aharonov-Bohm caging [44], i.e., the confinement of
4FIG. 2. Sketches of the maximally localized flat-band eigen-
states created by the operators given in Eqs. (6)-(10) indi-
cating the relative weights of each of the OAM states at the
different sites.
non-interacting wavepackets in small regions of the lat-
tice due to quantum interference.
After examining the single-particle eigenstates of the
system in the flat-band limit, we are now in a position
to include the effect of the on-site interactions, described
by Eq. (3). For concreteness, we will focus on the case
of attractive interactions, UA, U1, U2 < 0, and analyze
their effect on the low-energy properties of the two-boson
states. However, we note that the procedure that we
present below for the lowest flat bands can be carried
out in an analogous way for states belonging to higher
bands and for attractive or repulsive interactions.
In the absence of interactions there are many degener-
ate ground states of energy E = −4√2J2, which con-
sist of the two bosons occupying any of the localized
modes belonging to the lowest flat bands. However, the
introduction of an attractive interaction changes this sce-
nario. From Eq. (3), it is clear that whenever two or more
bosons occupy the same site an interaction term arises.
Therefore, Hˆint yields non-zero matrix elements between
two-boson states formed by localized modes which over-
lap to some extent. We concentrate on the case in which
the interaction strength is much smaller than the size of
the band gap, |UA|, |U1|, |U2|  2
√
2J2, in such a way
that the bands do not mix and the low-energy proper-
ties of the system can be examined by projecting the
total Hamiltonian (4) to the lowest flat bands. If the lat-
tice would host edge states, the weakly interacting con-
dition would be slightly more stringent and would read
|UA|, |U1|, |U2|  4
√
2J2 − 2(1 +
√
2)J2 ≈ 0.8J2.
Due to the effect of the on-site interactions, the total
set of states with the two bosons in the lowest single-
particle energy bands, which we denote as H, can be
divided into the following 4 subspaces according to the
values of the self-energy:
• H1 ≡
{
Wˆn†−,iWˆ
m†
−,k |0〉
}
, with n,m = 1, 2; i =
1, ..., Nc − 1 and |k − i| ≥ 2.
This is the subspace of states where the two bosons
occupy localized modes separated by two unit cells
or more. In these configurations there is no overlap
between the two particles, and therefore the inter-
action energy is zero,〈
0
∣∣∣Wˆn−,iWˆm−,kHˆintWˆn†−,iWˆm†−,k∣∣∣ 0〉 = 0. (12)
• H2 ≡
{
Wˆn†−,iWˆ
m†
−,i+1 |0〉
}
, with n,m = 1, 2 and i =
1, ..., Nc − 2.
This is the set of states in which the localized modes
of the two atoms are localized in two consecutive
unit cells, in such a way that they share the sites
Bi+1 and Ci+1. Using Eqs. (6), we find that their
self-energy is
〈
0
∣∣∣Wˆn−,iWˆm−,i+1HˆintWˆn†−,iWˆm†−,i+1∣∣∣ 0〉 =

U1
32 if i is even
U2
32 if i is odd
(13)
• H3 ≡
{
1√
2
Wˆn†−,iWˆ
n†
−,i |0〉
}
, with n = 1, 2 and i =
1, ..., Nc − 2.
This subspace is formed by the two-boson states in
which both bosons occupy the same single-particle
state. Since the localized modes overlap com-
pletely, there are interaction terms coming from the
contributions of the Ai, Bi, Ci, Bi+1 and Ci+1 sites.
Using again the expansions (6) we find that the self-
energy of these states is〈
0
∣∣∣∣ 1√2Wˆn−,iWˆn−,iHˆint 1√2Wˆn†−,iWˆn†−,i
∣∣∣∣ 0〉 = UA4 +3 (U1 + U2)64 .
(14)
• H4 ≡
{
Wˆ 1†−,iWˆ
2†
−,i |0〉
}
, with i = 1, ..., Nc − 2.
This subspace is formed by two-boson states in
which the two atoms are localized in the same pla-
quette but occupy orthogonal states, each belong-
ing to one of the two degenerate bands. As in the
case of the H3 subspace, the two particles share 5
different sites. The self-energy of these states is
〈
0
∣∣∣Wˆ 1−,iWˆ 2−,iHˆintWˆ 1†−,iWˆ 2†−,i∣∣∣ 0〉 = UA2 + 3 (U1 + U2)32 .
(15)
Comparing Eqs. (12)-(15), we find that the subspace in
which the states have a lowest self-energy is H4, followed
by H3. In the next section, we derive effective models for
these subspaces and we discuss their topological proper-
ties.
5III. EFFECTIVE MODELS FOR THE
LOWEST-ENERGY SUBSPACES
We can obtain effective models for the H3 and H4
subspaces by projecting the Hamiltonian (4) into the
two lowest flat bands. In order to do so, we invert the
relations of Eqs. (6), (8) and (10), and remove from
the resulting expressions the contributions from higher
bands [54]. This procedure yields the following non-
orthonormal set of restricted OAM operators
ˆ¯ai†+ = −
1√
2
Wˆ 1†−,i, (16a)
ˆ¯ai†− = −
1√
2
Wˆ 2†−,i, (16b)
ˆ¯bi†+ =
1
4
(
Wˆ 1†−,i−1 + Wˆ
2†
−,i−1 + Wˆ
1†
−,i − Wˆ 2†−,i
)
, (16c)
ˆ¯bi†− =
1
4
(
Wˆ 1†−,i−1 + Wˆ
2†
−,i−1 − Wˆ 1†−,i + Wˆ 2†−,i
)
, (16d)
ˆ¯ci†+ =
1
4
(
Wˆ 1†−,i−1 − Wˆ 2†−,i−1 + Wˆ 1†−,i + Wˆ 2†−,i
)
, (16e)
ˆ¯ci†− =
1
4
(
−Wˆ 1†−,i−1 + Wˆ 2†−,i−1 + Wˆ 1†−,i + Wˆ 2†−,i
)
. (16f)
Inserting in Eq. (4) the projected OAM operators (16)
instead of the original ones, we obtain a Hamiltonian
ˆ¯H expressed in the basis of the single-particle local-
ized eigenstates and restricted to the two degenerate flat
bands of lowest energy. In this basis, the non-interacting
part of the projected Hamiltonian is diagonal and reads
ˆ¯Hkin = −2
√
2J2
Nc−1∑
i=1
Wˆ 1†−,iWˆ
1
−,i + Wˆ
2†
−,iWˆ
2
−,i. (17)
The interacting part of the projected Hamiltonian,
ˆ¯Hint, contains products of the type
ˆ¯ji†α
ˆ¯ji†α
ˆ¯jiα
ˆ¯jiα and
ˆ¯ji†α
ˆ¯ji†α
ˆ¯ji−α
ˆ¯ji−α, with j = {a, b, c} and α = ±. Therefore,
insertion of Eqs. (16) yields terms that involve products
of operators that belong to the H2, H3 and H4 sub-
spaces. Nevertheless, it can be shown that all the terms
that couple states belonging to different subspaces cancel
out. This fact greatly simplifies calculations, allowing to
derive a separate projected Hamiltonian for each of the
subspaces without making any further approximations.
Moreover, the decoupling of the different low-energy sub-
spaces is advantegous with regards to addressing them
separately in an experimental implementation. Next, we
present the effective models that are obtained for the two
lowest-energy subspaces, H4 and H3.
A. H4 subspace
The projected interaction Hamiltonian contains the
following terms consisting of products of operators as-
sociated to the H4 subspace
ˆ¯HH4int =
(
UA
2
+
3 (U1 + U2)
32
)Nc−1∑
i=1
Wˆ 1†−,iWˆ
2†
−,iWˆ
1
−,iWˆ
2
−,i
+
U1
32
[Nc/2]−2∑
i=1
(
Wˆ 1†−,2iWˆ
2†
−,2iWˆ
1
−,2i+1Wˆ
2
−,2i+1 + H.c.
)
+
U2
32
[Nc/2]−1∑
i=1
(
Wˆ 1†−,2i−1Wˆ
2†
−,2i−1Wˆ
1
−,2iWˆ
2
−,2i + H.c.
)
.
(18)
The first term of Eq. (18) is associated with the self-
energy of the states of theH4 subspace, Eq. (15), whereas
the other two terms correspond to hoppings between two-
boson states belonging to neighbouring plaquettes in-
duced by the overlap between the localized modes, as
shown in Fig. 3 (a). By mapping the two-body states
of H4 into single particle states according to the defini-
tion |i〉 ≡ Wˆ 1†−,iWˆ 2†−,i |0〉, we can compute all the matrix
elements of Eqs. (17) and (18) over the two-boson states
of H4 and write an effective single-particle tight-binding
model for this subspace,
HH4eff = VH4
Nc−1∑
i=1
|i〉 〈i|
+ t1
Nc/2−2∑
i=1
(|2i〉 〈2i+ 1|+ H.c.)
+ t2
Nc/2−1∑
i=1
(|2i− 1〉 〈2i|+ H.c.) , (19)
where we have defined t1 ≡ U132 , t2 ≡ U232 and
VH4 ≡
(
−4√2J2 + UA2 + 3(U1+U2)32
)
. As illustrated in
Fig. 3 (b), Eq. (19) describes a Su-Schrieffer-Heeger
(SSH) chain [71] with a unit cell formed by two sites
that correspond to neighbouring plaquettes of the orig-
inal diamond chain. The intra- and inter-cell hoppings
of this chain are given by t2 and t1 respectively, and the
energy of all sites is shifted by a uniform potential VH4 .
By Fourier-transforming the Hamiltonian (19), we find
that the two energy bands of this model are given by
E1H4(k) = VH4 −
√
t21 + t
2
2 + 2t1t2 cos k, (20a)
E2H4(k) = VH4 +
√
t21 + t
2
2 + 2t1t2 cos k. (20b)
The shape of the band structure (20) is shown in Fig. 3
(c) for different values of the hopping parameters. As
shown in the left plot, for the particular case t1 = t2 the
gap closes at k = ±pi. As can be seen in the middle plot,
for t1 = 0 or t2 = 0 the bands are flat and separated by
a gap. In the general case t1 6= t2, which is illustrated
in the right plot, both bands are dispersive and the gap
remains open. In the situations where there is an en-
ergy gap, the relative value of the hopping parameters
6FIG. 3. Effective model for the H4 subspace. (a) Original
states of H4 in the diamond chain. The blue squares framed
in dashed lines indicate the plaquettes where the states are
localized. In the sites with a darker blue shade, neighbouring
states overlap and interact with a strength U1 or U2. (b) Effec-
tive SSH chain describing the H4 subspace. The blue shaded
area indicates the unit cell, which is formed by two neighbour-
ing plaquettes of the original diamond chain. (c) Band struc-
ture of the SSH chain for values of the interaction parameters
{UA/J2 = −0.2, U1/J2 = −0.2, U2/J2 = −0.2} (left plot),
{UA/J2 = −0.2, U1/J2 = −0.2(0), U2/J2 = 0(−0.2)} (mid-
dle plot), and {UA/J2 = −0.2, U1/J2 = −0.2(−0.1), U2/J2 =
−0.1(−0.2)} (right plot). In the middle and right plots, we
also indicate the value of the Zak’s phases of the bands for
each case.
determines the topological properties of the system. If
|t1| < |t2| (i.e., if |U1| < |U2|), the Zak’s phases [72] of
the bands are γ1H4 = γ
2
H4 = 0 and the system is in a topo-
logically trivial phase. On the other hand, if the values of
the hoppings are such that |t1| > |t2| (i.e., if |U1| > |U2|),
the Zak’s phases are γ1H4 = γ
2
H4 = pi and the system is
in a topological phase. Thus, by introducing the differ-
ent interaction strengths U1 and U2 at B and C sites of
odd and even unit cells respectively, we are able to con-
trol the shape of the band structure and to render the
H4 subspace topologically non-trivial. According to the
bulk-boundary correspondence, in the topological phase
we expect a chain with open boundaries to display two
edge states of energy VH4 in its spectrum. Remarkably,
these edge states consist of bound pairs of bosons and
are induced by the interplay between the strength of dif-
ferent on-site interactions in a system where the kinetic
energy plays no role due to the fact that all the bands
are flat.
B. H3 subspace
The part of the interaction Hamiltonian projected to
the two lowest flat bands containing products of opera-
tors associated to the H3 subspace reads
¯ˆ
HH3int
=
(
UA
4
+
3(U1 + U2)
64
)Nc−1∑
i=1
∑
n=1,2
Wˆn†−,iWˆ
n†
−,i√
2
Wˆn−,iWˆ
n
−,i√
2
+
3 (U1 + U2)
64
Nc∑
i=1
Wˆ 1†−,iWˆ
1†
−,i√
2
Wˆ 2−,iWˆ
2
−,i√
2
+ h.c.
− U1
64
[Nc/2]−2∑
i=1
∑
n,m=1,2
Wˆn†−,2iWˆ
n†
−,2i√
2
Wˆm−,2i+1Wˆ
m
−,2i+1√
2
+ H.c.
− U2
64
[Nc/2]−1∑
i=1
∑
n,m=1,2
Wˆn†−,2i−1Wˆ
n†
−,2i−1√
2
Wˆm−,2iWˆ
m
−,2i√
2
+ H.c.
(21)
The first term of Eq. (21) corresponds to the self-energy
of the states belonging toH3, Eq. (14), and the other ones
can be regarded as pair-tunneling terms induced by the
interactions at the sites where the single-particle local-
ized modes interact. More specifically, the second term
corresponds to a coupling between two-boson states lo-
calized at the same plaquette but belonging to different
bands, and the third and fourth terms to hoppings be-
tween states, either in the same or different bands, local-
ized in neighbouring plaquettes, respectively. By map-
ping the two-body states of H3 into single-particle states
according to the definitions |i, 1〉 ≡ 1√
2
Wˆ 1†−,iWˆ
1†
−,i |0〉 and
|i, 2〉 ≡ 1√
2
Wˆ 2†−,iWˆ
2†
−,i |0〉, we can combine all the non-
zero matrix elements of the Hamiltonians (21) and (17)
over two-boson states of H3 and write an effective single-
particle model for this subspace
HˆH3eff = VH3
Nc∑
i=1
(|i, 1〉 〈i, 1|+ |i, 2〉 〈i, 2|)
+
3 (t1 + t2)
2
Nc∑
i=1
(|i, 1〉 〈i, 2|+ H.c.)
− t1
2
[Nc/2]−2∑
i=1
∑
n,m=1,2
(|2i, n〉 〈2i+ 1,m|+ H.c.)
− t2
2
[Nc/2]−1∑
i=1
∑
n,m=1,2
(|2i− 1, n〉 〈2i,m|+ H.c.) ,
(22)
where VH3 ≡
(
−4√2J2 + UA4 + 3(U1+U2)64
)
and t1, t2 are
defined in the same way as in Eq. (19). As illustrated in
Fig. 4 (a), Eq. (22) describes a Creutz ladder [73] with a
unit cell formed by two legs, each of which corresponds
7to the two states of H3 localized in each plaquette, |i, 1〉
and |i, 2〉. The intra-leg coupling is given by 3(t1+t2)2 , and
the inter-leg hoppings are − t12 or − t22 depending on the
parity of the unit cell. Additionally, the energy of all
sites is shifted by a uniform potential VH3 . By Fourier-
transforming the Hamiltonian (22), we find the following
energy bands
E1H3(k) =
3(t1 + t2)
2
+ VH3 −
√
t21 + t
2
2 + 2t1t2 cos k,
(23a)
E2H3(k) =
3(t1 + t2)
2
+ VH3 +
√
t21 + t
2
2 + 2t1t2 cos k,
(23b)
E3H3(k) = E
4
H3(k) = −
3(t1 + t2)
2
+ VH3 = −4
√
2J2 +
UA
4
.
(23c)
Additional insight into the properties of the effective
Hamiltonian (22) can be gained by performing a basis
rotation into the symmetric and anti-symmetric combi-
nations of the two states forming each leg of the ladder,
|S, i〉 = 1√
2
(|i, 1〉+ |i, 2〉) and |A, i〉 = 1√
2
(|i, 1〉 − |i, 2〉).
As illustrated in Fig. 4 (b), in this basis the effective
Hamiltonian of the H3 subspace gets decoupled into
two differents terms containing only symmetric and anti-
symmetric states
HˆH3eff = Hˆ
H3
eff (S) + Hˆ
H3
eff (A); (24)
HˆH3eff (S) =
(
VH3 +
3(t1 + t2)
2
)Nc−1∑
i=1
|S, i〉 〈S, i|
− t1
Nc/2−2∑
i=1
(|S, 2i〉 〈S, 2i+ 1|+ H.c.)
− t2
Nc/2−1∑
i=1
(|S, 2i− 1〉 〈S, 2i|+ H.c.) , (25)
HˆH3eff (A) =
(
VH3 −
3(t1 + t2)
2
)Nc−1∑
i=1
|A, i〉 〈A, i| . (26)
On the one hand, the term corresponding to the sym-
metric states, HˆH3eff (S), is formally equivalent to the SSH
model effectively describing the H4 subspace, Eq. (19),
except for a difference in the constant energy offset and
a global change of sign in the effective couplings. Ac-
cordingly, this part of the Hamiltonian yields the energy
bands E1H3(k) and E
2
H3(k), which follow the same disper-
sion law as the ones from the the H4 subspace, Eqs. (20),
and share the same topological phases. On the other
hand, the term corresponding to the anti-symmetric
states, HˆH3eff (A), describes a set of decoupled states with
a constant energy offset VH3 − 3(t1+t2)2 = −4
√
2J2 +
UA
4 .
Therefore, the |A, i〉 states form the flat bands E3H3(k)
and E4H3(k), which are topologically trivial. These flat-
band states feature two simultaneous localization ef-
fects, due to the fact that they are localized states
with finite weight on a set of two-boson basis states
which are, themselves, combinations of single-particle
localized states. Another interesting property of this
subspace of H3 is that each doubly-localized state
|A, i〉 = 12
(
Wˆ 1†−,iWˆ
1†
−,i − Wˆ 2†−,iWˆ 2†−,i
)
|0〉 is only coupled
to two doubly-localized states of an analogous form be-
longing to higher bands, 1√
2
(
Wˆ 1†+,iWˆ
1†
−,i − Wˆ 2†+,iWˆ 2†−,i
)
|0〉
and 12
(
Wˆ 1†+,iWˆ
1†
+,i − Wˆ 2†+,iWˆ 2†+,i
)
|0〉, through the terms of
Eq. (3) proportional UA alone. Thus, at each plaquette i
these states form a closed three-level system for any value
of the interaction parameters. Expressing the two-boson
flat-band states in terms of the original OAM states and
computing the corresponding matrix elements with the
total Hamiltonian (4), we find that the three-state Hamil-
tonian describing each of these sets of decoupled states
is given by
H3L =
−4√2J2 + UA4 −√2UA4 UA4−√2UA4 UA2 −√2UA4
UA
4 −
√
2UA4 −4
√
2J2 +
UA
4
 .
(27)
A sketch of the three-level system described by Eq. (27)
is shown in Fig. 4 (c). As we will show in the next section,
the existence of this collection of closed three-level sys-
tems gives rise to a special type of two-boson Aharonov-
Bohm caging effect for any value of the on-site interaction
strengths.
IV. EXACT DIAGONALIZATION RESULTS
In this section, we present exact diagonalization results
that support the analysis of the lowest-energy subspaces
discussed above. We also explore numerically the effects
of deviations from the weakly-interacting and flat-band
limits. All the calculations have been performed con-
sidering a diamond chain formed by Nc = 21 unit cells
(and therefore 3Nc − 1 = 62 sites) and filled with N = 2
bosons. We focus on the first 3(Nc−1) states of the spec-
trum, of which the Nc − 1 states of lowest energy corre-
spond to the H4 subspace, and the remaining 2(Nc − 1)
states to the H3 subspace.
In Fig. 5 (a) we show the spectrum obtained by di-
agonalizing the full Hamiltonian of the system, Eq. (4),
as a function of the difference between the interaction
strengths at the B and C sites of odd and even unit cells,
|U1| − |U2|. The tunneling parameters are set in the flat-
band limit, J2 = J3, and the on-site interaction strengths
are UA = −0.02J2, U1 + U2 = −0.03J2, fulfilling the
weakly-interacting condition |UA|, |U1|, |U2|  2
√
2J2.
As predicted by the analysis of the band structures
of the effective models describing the H4 and H3 sub-
spaces, for |U1| − |U2| > 0 the system is in a topological
phase characterized by the presence of in-gap edge states
in the spectrum, which correspond to the red lines of
Fig. 5 (a). In Fig. 5 (b) we compare the energy spec-
8FIG. 4. (a) Effective Creutz ladder describing the H3 sub-
space. The area framed in dashed lines indicates the unit
cell, which is formed by two neighbouring legs that are in turn
composed of the two states of the original diamond chain lo-
calized in each plaquette. (b) Collection of isolated states (up-
per sketch) and SSH chain (lower sketch) formed respectively
by the sets of anti-symmetric and symmetric combinations
of states of each leg of the ladder. (c) Schematic representa-
tion of the closed system formed by the three doubly-localized
flat-band states of each plaquette.
tra obtained by exact diagonalization of the full Hamil-
tonian (red empty dots), the effective Hamiltonian of
the H4 subspace, Eq. (19), (green dots) and the effec-
tive Hamiltonian of the H3 subspace, Eq. (22), (blue
dots). The plot (i) displays the spectra corresponding
to the interaction parameters {UA/J2 = −0.02, U1/J2 =
−0.01, U2/J2 = −0.02} (non-topological phase), while
(ii) displays the spectra corresponding to the parame-
ters {UA/J2 = −0.02, U1/J2 = −0.02, U2/J2 = −0.01}
(topological phase). In both cases we observe that the
effective models fit very well with the results obtained by
tackling the full system. In Fig. 5 (c) we plot the total
density profiles (i.e., the sum of the populations of the
two OAM states at each site) of the in-gap states of the
H4 and H3 subspaces that appear in the exact two-boson
spectrum of Fig. 5 (b) (ii). The sites of the chain have
been assigned a number according to the correspondence
Ai = 3i, Bi = 3i − 1, Ci = 3i − 2. As one expects be-
cause of their topological origin, these states are strongly
localized at the edges of the diamond chain, with the pop-
ulation peaks occurring at the first and last A sites of the
diamond chain, A1 and ANc−1. The localization in these
specific sites is due to the fact that the compact localized
modes corresponding to the lowest bands, Eqs. (6), have
four times more population on the A sites than on the
B and C sites. Accordingly, the edge states of Fig. 5,
which are formed of bound pairs of these modes, also
concentrate their population on these sites. The simi-
larity between the population distributions of the edge
states corresponding to the two different subspaces is a
consequence of the underlying equivalence between the
SSH model describing the H4 subspace, Eq. (19), and
the term of the Creutz ladder describing H3 given by
(25), which corresponds to the symmetric combinations
of orbitals at each leg.
Two-boson Aharonov-Bohm caging
The impact of interactions on the Aharonov-Bohm
caging effect has been studied in different scenarios [74–
77]. At the two-body level, it has been found that in-
teractions break the cages and enable the spreading of
the particles through the entire lattice [74, 76, 77]. How-
ever, in the system considered here the OAM degree of
freedom gives rise to robust Aharonov-Bohm caging for a
particular instance of two-boson states. Specifically, this
phenomenon stems from the existence at each plaquette
of the chain of a three-level system formed by doubly-
localized states (each constructed by a different combi-
nation of single-particle localized states of the upper and
lower bands) described by the Hamiltonian (27). Since
each of these subsystems is decoupled from the rest of
two-boson states, any combination of states of a given
three-level system evolves coherently between the three
different doubly-localized states. As an example, let us
consider a state in which one boson is loaded into a sym-
metric combination of OAM states (px-like orbital) and
the other in anti-symmetric combination (py-like orbital)
at the site Ai. Such a state can be expressed in terms of
doubly-localized two-boson states as(
aˆi†+ + aˆ
i†
−√
2
)(
aˆi†+ − aˆi†−√
2
)
|0〉 = 1
2
[
(aˆi†+)
2 − (aˆi†−)2
]
|0〉 =[
1
2
(
Wˆ 1†−,iWˆ
1†
−,i
2
− Wˆ
2†
−,iWˆ
2†
−,i
2
)
+
1
2
(
Wˆ 1†+,iWˆ
1†
+,i
2
− Wˆ
2†
+,iWˆ
2†
+,i
2
)
− 1√
2
(
Wˆ 1†+,iWˆ
1†
−,i√
2
− Wˆ
2†
+,iWˆ
2†
−,i√
2
)]
|0〉 .
Therefore, if one prepares the system in this initial state,
its time evolution takes place within the three-level sys-
9FIG. 5. (a) Low-energy sector of the exact diagonalization spectrum of a diamond chain formed by Nc = 21 unit cells with
open boundaries as a function of the difference between the interaction strengths at odd and even unit cells, |U1| − |U2|. Blue
(red) curves representy bulk (edge) states. The parameters of the system fulfill the relations J2 = J3, UA = −0.02J2, U1 +U2 =
−0.03J2. (b) Exact diagonalization spectrum (red empty dots) for the i and ii cases given by the vertical dashed lines in (a),
compared against the spectra of the SSH model describing the H4 subspace (green dots) and the Creutz ladder describing the
H3 subspace (blue dots). The parameters of the system are {UA/J2 = −0.02, U1/J2 = −0.01, U2/J2 = −0.02} (upper plot) and
{UA/J2 = −0.02, U1/J2 = −0.02, U2/J2 = −0.01} (lower plot) (c) Density profiles of the in-gap states that appear in the exact
diagonalization spectrum of the lower plot of (b). The sites have been assigned a number j according to the correspondence
Ai = 3i, Bi = 3i− 1, Ci = 3i− 2, where i labels the unit cell.
tem formed by the doubly-localized flat-band states of
the plaquette i. Thus, the total population of the time-
evolved state remains inside the cage formed by the sites
{Ai, Bi, Ci, Bi+1, Ci+1} regardless of the strength of the
onsite interactions. This fact is illustrated in Fig. 6 (a),
where we plot, for a chain of Nc = 8 unit cells and with
interaction parameters UA = U1 = 2U2 = −2J2, the time
evolution of the total population in site A4 (black line)
and in the corresponding Aharonov-Bohm cage (red line)
after injecting the initial state 12
[
(aˆ4†+ )
2 − (aˆ4†− )2
]
|0〉. In
contrast, in Fig. 6 (b), where we plot the same quantities
for the initial state (aˆ4†+ )
2 |0〉, we observe a population
leakage from the cage due to the coupling to neighbour-
ing plaquettes induced by the onsite interactions. Never-
theless, since this state has a 1/
√
2 projection to the per-
fectly caged state, there is a an upper bound of 1 boson to
the total population that can escape the Aharonov-Bohm
cage.
Deviations from the weakly-interacting regime
By means of exact diagonalization calculations, we can
examine to which extent the effective models reproduce
the features of the low-energy sector of the full spectrum
when the interactions are strong enough to introduce cou-
plings with higher bands. In Fig. 7 (a) we show the en-
ergy spectrum for J2 = J3 as a function of |UA| (with
UA < 0). The interaction strengths fulfill the relation
UA = U1 = 2U2, for which the system is in the topologi-
cal phase in the weakly-interacting regime. In the main
plot, the energies are expressed in units of the ground
state energy E0, whose dependence on |UA| is shown on
the inset. We observe that the edge states predicted by
the effective models (signalled with red lines) remain in
the middle of the energy gaps even for values of |UA|
significantly larger than the single-particle energy gap,
2
√
2J2. Therefore, the topological properties of the sys-
tem remain unaltered throughout the considered inter-
action strength sweep. For |UA| >∼ 3, the highest energy
states displayed in the main plot start to couple signifi-
cantly with other states belonging to higher bands, giving
rise to multiple energy crossings. In Fig. 7 (b) we show,
for UA = U1 = 2U2 = −2J2, a comparison between the
exact two-boson spectrum (red empty dots) and the ef-
fective models of the H4 (green dots) and H3 (blue dots)
subspaces. Due to the mixing with higher bands, the en-
ergies obtained by exact diagonalization are shifted with
respect to the ones predicted by the effective models.
For the doubly localized flat-band states, the exact en-
ergies can be computed as the lowest eigenvalue of the
three-level Hamiltonian describing the coupling to higher
energetic two-boson flat bands, Eq. (27).
Although quantitatively the effective models do not
agree perfectly with the exact diagonalization results
away from the limit of small interactions, they still pro-
vide a good qualitative description of the lowest energetic
two-boson states. In particular, in the exact spectrum
of Fig. 7 (b), the H4 and H3 subspaces are well sepa-
rated in energy, the bands of each subspace maintain the
shape predicted by the corresponding effective models,
and, since the system is in the topological phase, there
are in-gap states. In Fig. 7 (c) we plot the density profiles
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FIG. 6. Time evolution of the total population in site A4
(black lines) and the sum over the cage formed by the sites
{A4, B4, C4, B5, C5} (red lines) in a chain formed by 8 unit
cells and with onsite interactions UA = U1 = 2U2 = −2J2.
The initial state is 1
2
[
(aˆ4†+ )
2 − (aˆ4†− )2
]
|0〉 in (a) and (aˆ4†+ )2 |0〉
in (b).
of the lowest energetic edge states that appear in Fig. 7
(a) for |UA|/J2 = 2, 4, 6. We observe that the localization
of the states at the edge of the chain is more pronounced
for higher interaction strengths, confirming the fact that
the coupling to higher bands does not affect the topo-
logical properties of the system. From an experimental
point of view, the sharpening of the localization of the
two-boson edge states with the increase of the interac-
tion strengths is advantageous for their detection, since
it ensures that these states are recognizable for values of
the interaction strength ranging from a small fraction of
the tunneling energy to |U |/J2 ∼ 10.
Deviations from the flat-band limit
So far, we have assumed that the system is in the flat-
band limit, which occurs for J2 = J3. However, as dis-
cussed in [42, 43], in a real system J3 is always slightly
larger than J2 even for large values of the inter-site sep-
aration d. Thus, it is relevant to examine the effect of
deviations from the J2 = J3 limit on the low-energy prop-
erties of the two-boson spectrum. For J2 6= J3, the non-
FIG. 7. (a) Low-energy sector of the exact diagonalization
spectrum of a diamond chain formed Nc = 21 unit cells with
open boundaries as a function of the interaction strength at
odd and even unit cells at the A sites. Blue (red) curves rep-
resenty bulk (edge) states. The inset shows the dependence
on |UA| of the ground-state energy E0, which sets the en-
ergy scale for each point of the main plot. The parameters
of the system fulfill the relations J2 = J3, UA = U1 = 2U2,
with UA < 0. (b) Exact diagonalization spectrum (red empty
dots), compared against the spectra of the SSH model de-
scribing the H4 subspace (green dots) and the Creutz ladder
describing the H3 subspace (blue dots) for the interaction pa-
rameters UA = U1 = 2U2 = −2J2. (c) Density profile of the
lowest-energy edge states, belonging to the H4 subspace, for
different values of UA.
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FIG. 8. (a) Low-energy sector of the exact diagonalization
spectrum of a diamond chain formed Nc = 21 unit cells with
open boundaries as a function of the ratio between the two
tunneling amplitudes between OAM states, J3/J2. Blue (red)
curves representy bulk (edge) states. The parameters of the
system fulfill the relations UA = U1 = 2U2 = −2J2 (upper
plot) and UA = U1 = 2U2 = −4J2 (lower plot). (b) Density
profile of the lowest-energy edge states, belonging to the H4
subspace, for UA = U1 = 2U2 = −2J2 and different values of
J3/J2.
interacting part of the projected Hamiltonian reads as
ˆ¯H0 =−
√
2(J2 + J3)
Nc−1∑
i=1
Wˆ 1†−,iWˆ
1
−,i + Wˆ
2†
−,iWˆ
2
−,i
+
(J3 − J2)√
2
Nc−1∑
i=1
(
Wˆ 1†−,iWˆ
1
−,i+1 + Wˆ
2†
−,iWˆ
2
−,i+1 + H.c.
)
.
(28)
Due to the second term of Eq. (28), which corresponds to
single-particle hoppings between adjacent localized eigen-
modes, the flat bands become dispersive. Note that the
set of all localized states form a complete orthonormal
basis, and one can always choose this basis to represent
the Hamiltonian, regardless of the parameters. What
Eq. (28) shows is that, when J2 6= J3, this basis is no
longer simultaneously the eigenbasis of the model, and
it is no longer possible to derive effective single-particle
models for the different subspaces of two-boson states.
However, we can perform exact diagonalization calcula-
tions over the full Hamiltonian (4) to examine numeri-
cally to which extent the features of the system that we
observe in the flat-band limit survive. In Fig. 8 (a) we
plot the energy spectrum of the system as a function of
the J3/J2 ratio for UA = U1 = 2U2 = −2J2 (upper plot)
and UA = U1 = 2U2 = −4J2 (lower plot). In the upper
plot we observe that for J3/J2 <∼ 1.2 the separation be-
tween H4 and H3 is still clear and each of the subspaces
preserves its in-gap states, signalled with red lines. As
the J3/J2 ratio is increased, the energy separation be-
tween the two subspaces is lost and the edge states of H3
merge into the bulk. In the lower plot of Fig. 8 (a), which
corresponds to higher values of |U |, these effects are less
pronounced and the edge states of both subspaces remain
inside the energy gaps. Therefore, the topological two-
boson states are more robust against deviations from the
flat-band limit for stronger onsite interactions. In Fig. 8
(b) we plot the total density profiles of the lowest-energy
edge states for UA = U1 = 2U2 = −2J2 and several values
of the J3/J2 ratio, observing longer decays into the bulk
as it is increased. From this brief analysis of the effects of
deviations from the flat-band limit, we can conclude that
for sufficiently low values of the difference between the J3
and J2 couplings (compared to the interaction strength
|U |), the main characteristics of the low-energy sector of
the spectrum, i.e., the separation between the H4 and
H3 subspaces and the presence of topological edge states
in the |U1| > |U2| regime, are preserved. Thus, in a real
experimental implementation, for which the J3/J2 ratio
takes values 1.05 <∼ J3/J2 < 2 [42, 43], the main features
of the flat-band limit could in principle be observed.
V. CONCLUSIONS
We have proposed a mechanism based on the manip-
ulation of interactions to obtain two-body topological
states in systems with single-particle flat bands. As an
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example, we have studied a diamond-chain optical lat-
tice filled with ultracold bosons in OAM l = 1 states,
wherein a proper adjustment of the tunneling parame-
ters may lead to a band structure consisting of three
two-fold degenerate flat bands formed by highly-localized
eigenstates. In order to gain analytical insight into the
properties of the two-boson states, we have first focused
on the regime of small attractive interactions compared
with the gap between the flat bands. By projecting
the Hamiltonian into the lowest bands, we have ana-
lyzed the lowest-energy sector of the spectrum, which
is composed of bound pairs of atoms occupying highly
localized eigenmodes. Although the single-particle trans-
port is suppressed because of the flatness of the bands,
these composite objects can move through the lattice
due to interaction-induced couplings. We have found
that the effective models describing this motion can be
rendered topologically non-trivial by tuning separately
the strength of the interactions on different sites of the
chain, with the appearance of the corresponding two-
boson protected edge states. Furthermore, we have iden-
tified doubly-localized flat-band states that give rise to
robust Aharonov-Bohm cages for a particular set of two-
boson states.
By means of exact diagonalization calculations, we
have benchmarked our analytical predictions and we have
tested the robustness of the topological two-boson states
against deviations from the weakly-interacting and flat-
band limits. In the former case, we have found that inter-
action strengths capable of introducing mixing between
the bands do not destroy the topological phases and ac-
tually enhance the localization of the edge states at the
ends of the chain. In the latter case, we have found that
by going sufficiently away from the flat-band limit the
edge states can merge into the bulk. However, this ef-
fect can be strongly mitigated by increasing the interac-
tion strength, in such a way that the growth of the gaps
between the two-boson bands outgains the curvature of
the single-particle bands. Although in an actual exper-
imental implementation the completely flat-band limit
can not be reached, by introducing moderate interac-
tion strengths the two-boson topological states should
be observable in a feasible range of parameters. The pro-
cedure presented in this work could be readily adapted
to study similar topological states of bound particles in
other models featuring flat bands in one or higher di-
mensions, expanding the toolbox for the engineering of
few-body topological systems.
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